and cl(V) -(x)C U.
Let / be a function defined on X and having range Y. The function / is said to have property L at the point x in X provided that, if U e33 and x is a boundary point of U, then fix) is a limit point of fiU). If x is a point in X, then a point y in Y is said to be a limit point of f at x provided that there exists a sequence (x )°° of points in X which converges to x such that the sequence ifixn))^-l converges to y.
Definition. Let X be a euclidean space and let J3 be a base of connected sets for X which satisfies conditions (*) and (**). Let / be a function defined on X and having range Y. The function / is said to be Darboux J3
at the point p in X provided that the following statements are true.
(1) / has property L at the point p and fip) is a limit point of / at p.
(2) If U £%, p £ U, and a and b ate limit points of / at p relative to U, then for each closed subset C of Y which separates a from b there exists x £ U such that fix) is in C.
A local characterization.
A lemma will be proved before proving the main theorem.
Lemma. Let f be a function defined on X and having range Y and let 'S) be a basis for X which satisfies conditions (*) and (**). Let U £ 33 and let /(A) zzzzzi /(B) be two mutually separated sets such that the union of A and B is cliU). If f has property L at each point in X and P is the boundary of A relative to dill), then the following statements are true.
(1) P is the boundary of B relative to cliU).
(2) P is closed in X.
(3) P (DU is nonempty, dense-in-itself, and of type Gg.
(4) A(DP' and B(D P' are both dense in P' = P (DU.
Proof. It is obvious that P is the boundary of B relative to cl(U) and P is closed in X.
To prove that P(DU is nonempty, note that P is nonempty; for, if P Since x is a boundary point of W, fix) is a limit point of fiw). So /(x) is a limit point of /(B) which is in fiA). This is a contradiction. Thus Pn(7 is dense-initself if X is of dimension greater than or equal to 2. If the dimension of X is 1, the result is easily proved.
Since P is closed and U is open, P(DU is of type Gg.
To prove that A (DP is dense in P , suppose that A (DP is not dense Since g is a boundary point of W", we have a contradiction by the hypothesis of the theorem. Thus An P' is dense in P'. In a similar way, it can be shown that B(DP is dense in P'.
Theorem. Let X be a euclidean space and let % be a base of connected sets for X which satisfies conditions (*) and (**). 
